Introduction
We may also think of the Hopf surface as the Lie group SU(2) S 1 with a homogeneous hypercomplex structure. Spindel et al . 20] and independently Joyce 12] showed how such homogeneous structures may be constructed on G T k for G a compact Lie group. Using the twistorial description of hypercomplex geometry 16], we may bring complex deformations to bear on these examples and obtain non-homogeneous structures on G T The twistor space Z is the total space of the monopole line bundle over the minitwistor space S of B. Choose a shear-free geodesic congruence . This corresponds to a divisor in S which lifts to a divisor in Z de ning a compatible complex structure on the 4-manifold. In fact this conformal 4-space is hypercomplex i the divergence of is proportional to the monopole w used to construct g. This can be seen as follows: the twistor space is the total space of L p ! S and the pull back p L is trivial over Z, so the Ricci form vanishes. As an example we could take the Einstein-Weyl space given by the round 3-sphere and let be a left or right invariant congruence. Since these congruences have vanishing any sum w of fundamental solutions to the Laplace equations would give a hypercomplex 4-space. The solution w = 1 (in the gauge given by the round sphere) gives the Hopf surface S 3 S 1 .
Lie Groups and Hypercomplex Geometry
The hypercomplex structure of the Hopf surface de ned in the example in the introduction may be considered as a left invariant structure on the Lie group S 1 SU(2). This space is a complex manifold of dimension 2n + 1: the complex structure I at (x; v) 2 M S 2 is standard along the 2-sphere and it is equal to I v (x) along T x M. The integrability of I is a consequence of M being hypercomplex. The holomorphic projection W p ! S 2 = C P 1 has ber p ?1 (z) which is M together with the complex structure determined by the point z 2 C P 1 . The non-holomorphic projection W ! M has as bers, rational curves of normal bundle O(1) C 2n .
The idea is to deform the hypercomplex structure on M by deforming the map W p ! C P 1 17] . Consider the sheaf D de ned by the exact sequence 0 ! D ! W dp ?! p C P 1 ! 0:
where is the tangent sheaf. ag 2, 7] . The cohomology of the Borel ag has indeed been studied using representation theory and this will help us getting information about the cohomology on W: let X be M with a complex structure X = p ?1 (z). The restriction of to X has ber E which is a product of elliptic curves. We may compute H Example 2. Let M be the complex projective plane and let P ! M be the instanton given by the Hopf bration S 5 ! C P 2 . Then in this case the hypercomplex manifold V P (M) is equal to SU(3)=Z 2 .
We may now apply complex deformation theory to these twisted Swann bundles. Example 3. Let M be the connected sum 2C P 2 equipped with a Poon conformal structure c , 2 (0; 1). Then the deformation theory gives a 4-parameter space of T 3 -symmetric hypercomplex structures on the 8-manifold V(2C P 2 ). Furthermore, we can integrate and nd these hypercomplex manifolds locally as a (Joyce-) hypercomplex quotient 11] of H 4 with a T 2 action. The space is realized as a subspace of C 6 C P 1 C P 1 C P 1 C P 1 given by simple equations 16].
